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ABSTRACT 


A covering system or a covering is a set of linear congruences such that every 
integer satisfies at least one of these congruences. In 1950, Erdds posed a problem 
regarding the existence of a finite covering with distinct moduli and an arbitrarily 
large minimum modulus. This remained unanswered until 2015 when Robert Hough 
proved an explicit bound of 10!° for the minimum modulus of any such covering. In 
this thesis, we examine the use of covering systems in number theory results, expand 
upon the proof of the existence of an upper bound on the minimum modulus in the 
case of distinct square-free moduli, and give a sharper bound of 118 for the minimum 


modulus of a finite covering with distinct square-free moduli. 
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CHAPTER 1 


COVERING SYSTEMS 


1.1 BACKGROUND 


Let k > 2 be an integer. We define a covering system to be a set of linear congruences 
x =a; (mod m,;) with 1 < j < k such that every integer satisfies at least one of these 
congruences. We begin with a historic background on covering systems. 

For example, the congruences x = 0 (mod 2) and x = 1 (mod 2) cover the inte- 
gers. We define a covering system to be exact if every integer satisfies exactly one 


congruence in the system. 


Theorem 1.1.1. Jf a finite covering system is exact and the minimum modulus is 
greater than one, then the maximum modulus is the modulus for at least two congru- 


ences in the system. 


Proof. Let « = a; (mod m,) with 1 < j < r be an exact finite covering system. 
Without loss of generality, we take 0 < a; < m,. For the sake of contradiction, 
suppose the maximum modulus is the modulus for exactly one congruence in the 
system. We have 1/(1 — z) =1+2+2%+.... Expressing the exponents using our 
covering system, we have 


1 
l-z 


L j 
Se ree Pn ae 
=i j=l a? 


If we let z approach Cmax{m,}, the left-hand side converges while the right-hand side 


diverges. Thus, we have a contradiction. Therefore, the maximum modulus is the 


modulus for at least two congruences in the system. 


In 1950, Paul Erdés [3] proved that a positive proportion of odd positive integers 
cannot be expressed in the form p+ 2” where p is prime and n is a nonnegative 


integer. In this proof he used the following covering system: 


n=0 (mod 2) n=3 (mod 8) 
n=0 (mod 3) n=7 (mod 12) 
n=1 (mod 4) n = 23 (mod 24). 


Taking k to be an integer satisfying 


k =1 (mod 2) 

k =8 (mod 17) 
k=1 (mod 8) 

k=11 (mod 13) 
k =1 (mod 7) 

k =121 (mod 241), 
k =2 (mod 5) 


he showed that k—2” must be divisible by at least on element of S = {3,5, 7, 13, 17, 241}, 
but also k — 2” ¢ S for every nonnegative integer n. 

We define a Sierpinski number to be an odd integer k > 0 such that k- 2" +1 
is composite for all positive integers n. In 1960, Wactaw Sierpinski proved that a 
positive proportion of integers k > 0 are Sierpifiski numbers [12]. He also used the 


following covering system: 


n=1 (mod 2) 

n=16 (mod 32) 
n=2 (mod 4) 

n = 32 (mod 64) 
n=4 (mod 8) 


n=0 (mod 64). 
n=8 (mod 16) 


Similarly, he took k to be an integer satisfying 


k=1 (mod 3) 

k =1 (mod 65537) 
k=1 (mod 5) 

k =1 (mod 641) 
k =1 (mod 17) 


k =-1 (mod 6700417). 
k =1 (mod 257) 


John Selfridge found the smallest known Sierpinski number, 78557, in 1962. Andrzej 
Schinzel deduced that the existence of Sierpinski numbers follows from the result of 
Erdos. 

Similarly, using covering arguments it has been proven that there are infinitely 


many Riesel numbers, odd positive integers satisfying k - 2” — 1 is composite for 


all positive integers n [9], and infinitely many Brier numbers, odd positive integers 
satisfying k - 2” + 1 is composite for all positive integers n. 

Additionally, there exist infinitely many primes p such that if any one digit of 
p, including any one of its infinitely many leading 0 digits, is replaced by any other 
digit, then the resulting number is composite [5]; and for every r € Z*, there exist r 
consecutive primes like the above each of which is also a Brier number [4]. 

Ron Graham showed using a covering argument that there exist infinitely many 
relatively prime pairs of positive integers a and b such that the recursive Fibonacci- 
like sequence Up = a, U, = b, and Uni, = Un + Un—1 for all n > 1, consists entirely of 
composite numbers [6]. 

Another application of covering systems, by Lenny Jones [8], is that there are in- 
finitely many positive integers d with d # 0 (mod 3) and d #3 (mod 10) such that d- 
10"+3°"_, 3-10°! for n > 1 consists entirely of composite numbers. For example, d = 
410 has the above property. Each term in the sequence {410, 4103, 41033, 410333, ...} 


is composite. 


Problem 1.1.2. For every positive integer c, does there exist a finite covering with 


distinct moduli and minimum modulus > c? 


First posed by Erdés [3], Robert Hough [7] showed to the contrary that the mini- 
mum modulus must be < 10'°. This bound has been reduced to 616000 by P. Balister, 


B. Bollobas, R. Morris, J. Sahasrabudhe, and M. Tiba [2]. 


Problem 1.1.3. Does there exist an odd covering of the integers, that is a finite 


covering with distinct odd moduli > 1? 


While no answer has been shown, P. Balister, B. Bollobas, R. Morris, J. Sa- 
hasrabudhe, and M. Tiba [2] proved that every covering with distinct odd moduli 


> 1 has a modulus divisible by one of 2, 9, and 15. 


Problem 1.1.4. Does there exist a finite covering with distinct moduli > 1 and where 


no modulus divides another? 


Schinzel [11] showed that if such coverings exist, then there is an odd covering of 
the integers. This questions has been resolved by P. Balister, B. Bollobas, R. Morris, 
J. Sahasrabudhe, and M. Tiba [2]. Specfically, they showed that every finite covering 
system with distinct moduli > 1 has some modulus which divides a different modulus. 

We define a Sierpiriski polynomial to be a polynomial f(a) € Zax] with f(1) 4 -1 
and f(a)x” + 1 reducible over the rationals for all positive integers n. It is not 


currently known whether a Sierpiriski polynomial exists. Although for f(x) = 52° + 


62° + 3x° + 82° + 9x? + 6x? + 8x43, Schinzel showed f(x)x" + 12 is reducible over the 


rationals for all positive integers n, which can be proven using the following covering: 


n=0 (mod 2) 
n=2 (mod 3) 
n=1 (mod 4) 
n=1 (mod 6) 


n=3 (mod 12). 
Theorem 1.1.5. The following are almost equivalent: 
1. There exists a Sierpinski polynomial. 


2. There is a polynomial g(x) € Zla| such that f(x) = fr(x) = 2" + g(x) satisfies 


f(0) 40, f(1) 40, and f(x) ts reducible for every nonnegative integer n. 


3. There is a finite covering of the integers with each modulus > 1 and where no 


modulus divides another. 


In order to have equivalence, a statement stronger than item 3 but weaker than 
the odd covering problem is needed. An exact statement of equivalent conditions can 


be found in Schinzel [11]. 


1.2 ANSWERING THE MINIMUM MODULUS PROBLEM 


In this section, we discuss our main goal and give some preliminary results. As 
a simple result, we make use of the following to more efficiently check a covering 


system’s validity. 


Lemma 1.2.1. Let C be a system of congruences consisting of moduli m4,...,M-,, 
and set L = Icm(m,,...,m,). Then, C is a covering system if and only if every 


integer in [1, L] is satisfied by a congruence in C. 


For example, consider the covering: 


n=0 (mod 2) n=3 (mod 8) 
n=0 (mod 3) n=7 (mod 12) 
n=1 (mod 4) n = 23 (mod 24). 


Here L = 24. We need only check that each integer from 1 to 24 satisfies at least one 


congruences to verify that the above is a covering system. 


Proof of Lemma 1.1. Let C be a system of congruences with the least common mul- 
tiple of the moduli equal to L. If C is a covering system, then every integer in [1, L] 
satisfies a congruence in C. Now, suppose every integer in [1, L] satisfies a congruence 
in C. Let n be an integer. Let a = n (mod L) where 1 < a < L. Then, there exists 
a congruence x = b (mod m) in C such that a = b (mod m). Since a = n (mod L) 


and m divides L, we have n = a= b (mod m). Therefore, n satisfies the congruence 


x =b (mod m) in C. Thus, C is a covering system. 


We will now be considering finite covering systems with distinct square-free moduli 


> 1. For example, the following is such a covering system: 


n=0 (mod 2) n=1 (mod 10) 

n=4 (mod 35) 
n=0 (mod 3) n=1 (mod 14) 

n=5 (mod 42) 
n=O (mod 5) n=2 (mod 15) 

n=59 (mod 70) 
n=1 (mod 6) n=2 (mod 21) 

n =104 (mod 105) 
n=O (mod 7) n =23 (mod 30) 


Here, we have L = 210 = 2-3-5-7. We can also think of covering the associated 
elements of Q = S) x Sox S3 x Sq where S; = {1,2}, Sp = {1, 2,3}, S3 = {1, 2,3, 4, 5}, 
and S, = {1,2,3,4,5,6,7}. With this approach each congruence covers a portion of 
Q. For example, the congruence n = 0 (mod 2) covers {2} x Sz x S3 x Sy C Q. By 
the Chinese Remainder Theorem, each integer in [1, Z] uniquely corresponds to an 
element of Q. For example, the integer 77 corresponds to (1,2,2,7) in Q since 77 = 1 
(mod 2), 77 = 2 (mod 3), 77 = 2 (mod 5), and 77 = 7 (mod 7). 

In general, we let 5 ,...,5, be finite sets. We define a hyperplane to be A = 
Y, x... Y, where Y; C S; and |Y;| € {1,|S;|} for 7 € {1,...,n}. We also define two 
hyperplanes A and A’ to be parallel if F(A) = F(A’) where F(A) = {j : |Yj| = 1}. 
We call F(A) the set of fixed coordinates of A. We consider the set of natural numbers 


N to be the set of positive integers. 


Theorem 1.2.2. For every sequence of finite sets S,,S9, ... , each of size at least 2, 
satisfying lim inf, ... |S;,|/k > 3, there is a positive integer C' such that the following 
holds. Let A be a collection of hyperplanes that cover Q = S,x...xS», for somen EN, 
(that is, every element of Q is on some hyperplane in A). Suppose no two hyperplanes 


in A are parallel. Then, there exists a hyperplane A € A with F(A) C {1,...,C}. 


One goal of this thesis is to prove the above theorem following the arguments of 


P. Balister, B. Bollobas, R. Morris, J. Sahasrabudhe, and M. Tiba in [1]. Our interest 


here is in the following corollary that they obtain, which proves a negative answer to 


Problem 1.1.2 for finite coverings with square-free moduli. 


Corollary 1.2.3. There is an absolute constant Cin such that every covering system 


with distinct square-free moduli has a minimum modulus which is at most Cimin- 


Proof. Let C be a covering system with distinct square-free moduli. Let p; denote 
the jth prime, and set S; = {1,...,p;}. Observe that each S; is of size at least 2 and 
satisfies lim infp +o |.S;|/k = limp +o py/k = 00 > 3. Let C be as in Theorem 1.2.2. 
Let p, be the largest prime dividing a modulus in C. Set Q = S, x... x S,. Each 
congruence x = a (mod m) corresponds to a hyperplane A, = Y, x... x Yn C Q 
where (i) if p; divides m, then Y; = {b} with b = a (mod p,) and b € Sj, and (ii) if 
p; does not divides m, then Y; = S;. Then, the covering C corresponds to a finite 
collection of hyperplanes A which covers Q. Note that the moduli of C are distinct, 
so the hyperplanes in A are pairwise non-parallel. Thus, by Theorem 1.2.2, there 


exists an A, € A with F(A,,) € {1,...,C}. Observe that this m divides p;---po. 


Therefore, we can take Cypin = P1-++ Pa. 


A second goal of this thesis is to modify the arguments by P. Balister, B. Bollobas, 
R. Morris, J. Sahasrabudhe, and M. Tiba in [1] to show the following. 


Theorem 1.2.4. Every covering system with distinct square-free moduli has a min- 


imum modulus which is < 118. 


As illustrated earlier in this section, there is a covering system with distinct square- 
free moduli and minimum modulus equal to 2. However, it is an open question as to 
whether there is such a covering with minimum modulus equal to 3. So a reasonable 


conjecture is that the bound 118 above can be replaced by 2. 


CHAPTER 2 
THE DISTORTION METHOD 


2.1 ‘THE SET-UP 


We will prove Theorem 1.2.2 by expanding upon the method outlined in [1]. Let 
S1,So,... be an infinite sequence of finite sets. For a positive integer k, define Q; = 
S,x...x Sp. Fix a positive integer n. Let A be a collection of hyperplanes, pairwise 
non-parallel, that cover Q,. We define a weight on a set X = {x,...,7,} to bea 
function mapping each x; to gq > 0 for 1 <i <k such that qi. +...+q = 1. 

Let Q = Q,. We define weights w,(a) on the elements x of Q. From the previous 
section, for covering systems, these weights correspond to weights on the integers in 
the interval [1, L] where L = p,---+p,. The weight of a subset T C Q is defined as 
the sum of the weights of the elements in T, so w,(T) = per Wn(x). We interpret 
this to mean w,(Q) = 0. If # = (a1,...,@p-1) € SX... X Sp_1 and y € Sy, then we 


write wz(x, y) = we((a1,-.-,@x-1, Y)) = Wn(A) where A is the hyperplane 
A= {ai} {a9} Xs ™ faa KAU woe K ae Kp (2.1) 


In general, if X C S$, x...x S;, then we identify w,(X) with wz(X x Spai xX... Sp). 
The fiber F), associated to 7 = (a1,...,@x-1) € SX... X Sp_y is the set of tuples 
(a1,---,@-1,y) € S,X...x S,. At the kth stage, we will determine the weights of the 
hyperplanes in the form of (1). We define A, = {A € A: max(F(A)) = k}. In the 
languages of congruences, A, corresponds to the set of congruences modulo p; = 2, 
Az» corresponds to the set of congruences modulo py = 3 and p,p2, and so on. We 


also define By = Usey, A. With regard to coverings, B;, corresponds to the elements 


of Q,, which are covered by a congruence with a modulus whose largest prime divisor 
is pp. Note that if A € A,x, then F(A) C {1,...,k}, so B, can also be thought of as 
a subset of Q, = S51 Xx... x Sp. 

In our proof of Theorem 1.2.2, by assigning weights to elements of Q in the manner 
below and supposing F(A) Z {1,...,C} for every hyperplane A € A, we prove that 
the collection of hyperplanes A does not cover Q to obtain our result by contradiction. 

Let 1 << k <n. Pick 6 € [0,1/2]. We define the weights w, inductively. When 


k =1, if y € S; and |B,|/|Si| < 6, we set 


————_ if By. 
Ss —1) Y 
If y € S; and |B,|/|S,| > 6, we set 
(|Bi|/[Si|) — 4 
: ifye B 
_ J (BiI/LSi)G — 6) [$4] : 
wily) = 1 1 

— . — if By. 
1-6 [Sl mee 


Observe that in both cases, we have ) cs, Wi(y) = 1 (see a similar argument below). 
The above weights correspond to setting k = 1 and replacing ai(x) with |Bi|/|S1| 
and wo(x) with 1 in the discussion below. Suppose k > 2 and wy_; is defined on 
Qy,-1. Since Q; = Qx-1 X Sz, each element of Q; can be written in the form (z, y) 


where x € Q,_1 and y € Sz. For each x € Qx_1, we define 


_ l{y E Si : (x, y) E By}| = |E. A By| 


Apel Xv ) 
«(2) Sel Se 


which is the proportion of the fiber F, = {(x,y) : y € S;,} that is covered by one or 


more hyperplanes in A,. If ax(x) < 4, we set 


wr(2, y) = 


10 


If a,(x) > 6, we set 
x(x) — 6 — We-1(2) 
an(@)(L— 5) [Se 


1 wr-1(2) 
1-6 = |Sz| 


if (x,y) € By 
wWr(2, y) — 
if(v,y) ¢ Be. 


Observe that if x is an element of Q,_1 and a,(x) < 6, we have 


>> wr(e,y)= DS) wr(z,y)+ dD wrla,y) 


YESk YES YyESk 
(x,y)EBr (x,y) ZBr 
1 Wr-1(L 
=~ yo+y ie 
(x,y)EBr (x,y) ZBr 


7 i} Wr_1(Z) 
ie aay eer 


Also, if x is an element of Q,-1 and a,(x) > 6, we then have 


SS wz(2, y) = S- wr(a, y) + S- wrx, Y) 


yESk yESk yES, 


7 x()— 6 — Wr-1(Z) Wr_-1(Z) 
Oe Gee) ie ae 


x 25. [Sid —9) 
(x,y)EBr (x,y) EBr 
ap(z)—6 = Wre_-1(2) Wr_1( 
=— : 1+ — 1 
Gea Bl oe) a 
(x,y)EBr (x,y) €Br 


_ _a%(%)— 6 Wy-1 (2) coe Wienwa(2) a, (x 
= a a n(©) [Se + SI0 — 5 hal — |Si,|ax(a)) 
_ (an(@) — b)we-i() | (1 = on (x)) wei (2) 


7 1-6 | 1-6 


Wp) 


In both cases, we have )\ycs, we(x, y) = Wr-1(@), So weight is preserved at each stage. 


Thus, if a,(a) < 6, then we have set w,z(x,y) = 0 if (7, y) € By and increased the 


11 


weight w,(x, y) proportionally on the rest of F),. If a,(x) > 46, then we have increased 
the weight of each element in F’, \ By, by a distortion factor of 1/(1—6) and decreased 
the weight of Fy M Bx. 


For example, consider the covering: 


n=0 (mod 2) n=1 (mod 10) 

n=4 (mod 35) 
n=0 (mod 3) n=1 (mod 14) 

n=5 (mod 42) 
n=0O (mod 5) n=2 (mod 15) 

n= 59 (mod 70) 
n=1 (mod 6) n=2 (mod 21) 

n= 104 (mod 105) 
n=O (mod 7) n = 23 (mod 30) 


Observe that the least common multiple of the moduli is L = 210 = 2-3-5-7. Suppose 
6 =1/2. Then, when k = 1, we consider residues modulo 2 and the congruence n = 0 
(mod 2). We have two residue classes: 1 (mod 2) and 2(mod 2). Note that the 
congruence n = 0 (mod 2) covers 2 (mod 2) but does not cover 1 (mod 2). We have 
1/|S;| = 1/2. Then, wi((1)) = 1 and w;((2)) = 0, so all k-tuples beginning with 
2 will have weight 0. Now, consider k = 2. We have three residue classes modulo 
3: 1 (mod 3), 2 (mod 3), 3 (mod 3); and we consider the congruences n = 0 (mod 3) 
and n = 1(mod 6). Of the integers n which satisfy n = 1 (mod 2), those which are 
3 (mod 3) are covered by the congruence n = 0(mod 3). Those that are 1 (mod 3) 
are covered by the congruence n = 1 (mod 6). However, those that are 2 (mod 3) are 
not covered by either congruence. Hence, a2((1)) = 2/3. We have w;((1,1)) = 1/6, 
wi((1, 2)) = 2/3, and w1((1,3)) = 1/6. For k = 3, the weights are given in Figure 2.1. 
We see that the k-tuples covered least frequently by the congruences have a higher 


weight, and those covered frequently have lower weight. 


12 


Figure 2.1 Weights for 6 = 1/2 


2.2 FURTHER PRELIMINARIES 


We begin with some preliminary lemmas. We define the weighted sum 


S- ap(2)’wei(z) ifk > 2 
Ex—1[ox(x)"] = 4 *Pe— 


(1Bil/1S11)? ifk = 1. 


Here, we have maintained the notation used in [1], where they viewed wx_1(x) as a 


probability function and E,_;[a;,(x)?] to be the expected value of a;,(x)?. 


Lemma 2.2.1. Let A be a collection of hyperplanes in Q = S, x... Sn. Let k > 1. 


We have 


Eke i[ox(x)*]. 


13 


Proof. First, consider w;,(B,) with k > 2. We have 


wr( By) = S- so we, y) 


LEQr-1 -YESk 


(z,y)EBr 
az(x) — 6 ! Wr_-1(2) 
< FY. By] - max ¢ 0, . : 
SE Men Bal mex oma 
Since a;(x) = |F, MN B,|/|S;|, then we have 
1 
wr( Br) < = S> max{0, a(x) — 5} - we_1(2). 
TEQn-1 


Observe that 467 — 46a,(x) + ax(x)? = (26 — az(x))? > 0, s0 ag (x)?/46 > a(x) — 6. 


Thus, 
l 2 
“EG ahee ee 
l 2 
= Za — a Pe nlewte 


In the case that k = 1, we have 


= w - max (|Bil/|Sil) — 6 F 1 
wi (By) = > i(y) < |Bi| {0 (|Bi|/|Si|)(1 — 7 [Si] 


Following the arguments above, we obtain 


1 JB\\y 1, : 
WP) < gana (BI) = waa 


The lemma follows. 


Lemma 2.2.2. Let A be a collection of hyperplanes in Q = S, x... x S,. If 


n 


1 ‘ ' 
46(1 — 5) >2 Ex-ilax(x)"] < 1, 


k=1 


then A does not cover Q. 
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Proof. Suppose the above inequality holds. By Lemma 2.2.1, for k > 1, we know 


1 


= Ba) 1[ox(x)’]. 


Since 1/(46(1 — 6)) - Sey Ex_ifaz(x)?] < 1, the total weight of all the elements of Q 


covered by the hyperplanes in A is at most 


n 


Sal aoe Ue (Br) S eae » B,—1[ox(2)"] <1. 


k=1 k=1 


Since the total weight of all the elements in Q is 1, we deduce that A does not cover 


Q. 


Lemma 2.2.3. Let A be a collection of hyperplanes, pairwise non-parallel, in Q. 


Then, for1<k<n, we have 


; 3 
e-alaa(e < ppl Il (14 eek 


In order to prove Lemma 2.2.3, we make use of the following two lemmas. First, 


recall that for any set X C Q; 1, weight is preserved from k — 1 to k, so we have 
Wri(X) = Yyes, We(X,y) = welX,S_). To reduce notation, we set wy(X) = 
Dyes, Wk(X,Y) = wWe(X,5,) where X C Q,z-1. For any element x € Q,_1 and 


any element y € S,, we justify that 


1 _ We-1(2) 
~ 1-6 |.S;,| 


wr(z,y) < 


If k > 2 and a,(x) < 6, we have 


1 Wr_-1(Z) 1 Wr_-1(Z) 
~1- ap (x) |.S;,| ~ 1-06 |.S;,| 


welt, y) S 
If k > 2 and a,(x) > 6 and (2, y) ¢ By, our result holds by the definition of w,(z, y). 
If k > 2 and a,(xz) > 6 and (2, y) € By, then we obtain 


an(2)—d6 = we_1() 


ODS Taya) [Be 
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| 
aN 
— 
| Jee 
oy 
& 
> 
cea 
8 
Wreeee 
“—— 
alm 
| 
oy 
ieee 
Na 
€ 
ale 
Les 
YP 
8 
erect 


Ze : 
~ 1-64 |.S;,| 
Also, if k = 1, then one can similarly check that for y € S,, we have 


1 1 


ae ae 
mW) STF 


For each J C {1,...,n}, we define v(J) = [jey1/((1 — 4)|S;|). Also, for a 


hyperplane A = Y;x...xY, andaset U C {1,...,n}, we define AY = YY x...x YY to 


Lemma 2.2.4. Let A be a hyperplane. Let 1<k<n. If F(A) C {l,...,k}, then 


1 


w,(A) <v(F(A)) = T] a as 


jEF(A) 
Proof. We will induct on k. For our base case, consider k = 1. Let F(A) C {1}. If 
F(A) = 9, then v(F(A)) = v(0) = 1. Here, we deduce 
wi(A) = w1(Si) = » wify) =1=v(0). 
yesi 


If F(A) = {1}, then A = {y} for some y € Sj, so 


J ii 


w (A) = wily) S =o Al = v({1}). 


Thus, if F(A) C {1}, we see that wi(A) < v(F(A)). 
For our inductive step, assume our result holds for w,_; with 2 << k <n. We 


consider the following two cases. In case one, suppose k ¢ F(A). Then F(A) C 
{1,...,4 —1}. We have w;(A) = we_1(A) < v(F(A)) by our inductive hypothesis. 


1 wr-1(A’) 1 / 
A)< = - we_1(A’). 
Ui Tag is Gael 
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Since A’ C {1,...,k —1} and F(A’) = F(A) \ {k}, then by our inductive hypothesis, 
we have wz_1(A’) < v(F(A) \ {k}). Thus, 


= 
(1 — 6)| S| 


1 
S Goa tN? 


wr(A) < - We_1(A’) 


= v(F(A)), 


finishing the proof. 
Lemma 2.2.5. Let A be a collection of hyperplanes, pairwise non-parallel, in Q. 
Then, for2<k <n, we have 


1 


9 5 Me v(F, U F)). 
| k| F,,F2C{i,...,k-1} 


Ex—1[ax(x)?] < 


Proof. We know 


1 1 1 
One) Fe Dae SEs. De toe Dy ~ 2a. ls 
| k| YES | k| yES, ACA, | k| ACA, yES, 
(z,y)EBr (x,y)EA (x,y)EA 


Since for each x € Qy_1 and A € Ax, there exists a unique y € S; with (x,y) € A if 


and only if x € A’, then we have 


1 
az(x) < — S- 1 
| k| AEA; 
xe A’ 
We then deduce 
a,p(x)? < : 3 1, 
[Si,| A,,A2E€Ax 
ZEA NAL 
so that 
1 
dS we-1(z)ox(2)? < CAP De >) we-1(2). 
LEQK-1 | k| A,,A2€Ap ®EQK-1 


rE ANAS 


Thus, we conclude 


, 1 
Ex—1(ax(2)*) < TSP 4 ay wy—1(Ay 9 Ad). 
1,A2€AR 


If the intersection of Aj and A is empty, then wx_1(A, 9 AS) = 0. If the in- 


tersection of Ai and A} is non-empty, then the intersection is a hyperplane with 
(F(Aj) \ {k}) U (F(Az2) \ {k}) as its set of fixed coordinates. Let Fi = F(A) \ {k} 
and Fy = F(Ag) \ {k}. Note that Fy; and F) uniquely determine A; and Ag in Ag, 
respectively, since no two hyperplanes in A are parallel. Therefore, by Lemma 2.2.4, 


we conclude 


Bx—1(aR(2)?) < 5,2 do (F(A, A))) 
k| Ay, A2€Ax 
1 
< FL UF: 
Nb eeece 


This completes the proof. 


With these two lemmas, we can now prove Lemma 2.2.3. 


Proof of Lemma 2.2.8. We know 


S- v(F, U Fy) » pil eam 


F,,FoC{1,...,k-1} F,,FoC{1,...,.k-1} je FiuF2 


SY Waa) 
IC{1,.k-1} Fy,FoC{1,...,k-1} JET (a — ISi17 
FLUFo=J 


Rearranging the order of our sum and product, we have 


2 2 Dasara wisi) 


JC{1,...k-1} Fi,FeC{l,...k-1} Jed 
FiLUFo=J 


Fee |! (ne ee 


IC{,...k-1} JES F,,FoC{1,...,k-1} 
FiUFo=J 


Since each element of J with FU Fh = J is either in F, and not Fo, in Fy and not 


F,, or in both F, and Fy, we deduce 


Substituting, we have 


1 3 
E(t)” Pen Wet) 
JIC{I,...,k-1} jeJ (1 — 6)|S5| FELIS, ee! (1 — 9)|55| 


This last sum of a product can be rewritten as 


sy (a aon) - 0+ am): 


IC{1,.k-1} GET j=l 
Thus, by Lemma 2.2.5, we conclude 


1 
|S,.|? 


Ex—1[xn(x)7] < 


completing the proof. 


2.3. PROOF OF THEOREM 1.2.2 


Using the above lemmas, we now can prove Theorem 1.2.2. 


Proof of Theorem 1.2.2. Let 5S,5S9,... be a sequence of finite sets, each of size at 
least 2, satisfying lim inf,_,.. |S;|/k > 3. Then, there exist N € N, say with N > 2, 
and € € (0, 1] such that |S;,| > (3+ e)k for all k > N. Observe that we can take 
C' as large as we want and in particular C' > N in the statement of Theorem 1.2.2, 
so we do so. Let A be a collection of hyperplanes, pairwise non-parallel, that cover 
Q=S5, x... x S, for some n €N. 

We proceed by contradiction. Assume F(A) Z {1,...,C} for every A € A. Then, 
B, = @forl1 <k<C. Therefore, a,(x) = |{y € S_ : (2, y) € By}|/|S,| = 0 for 


k<C and x € Q,_1. In particular, since C > 1, we see that 


Ek i[ax(x)?] =0 for ba: 


We consider now k > C'> N. Set 6 = ¢/6 € (0,1/6]. Then, (1 — 6)|5;| > 5/3 for 
all j, and (1 — 4)|S,| > (1 — ¢/6)(3+ €)j for all 7 > N. Then, we have 


(+ gaa) $05) <C) 


j=1 j= 
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Since 1+ a < e® for all x > 0, we deduce that 


Thus, we obtain 


Note that 


Then, we see that 


k-1 3 (ANE f peg 3/((1-e/6)(3+e)) 
Il (1 a aoa) < (=) (4) 
jel (1 — 6)|5;| N= 1 
One can check that 


(1-z)@+a(1- 3) = 34 eens) > 3, 


where the inequality follows since e € (0, 1]. Thus, we have 


ea 3 14\N-1 /p—1\ 18/19 
I (1+ aye) <@) (] 


Recall that |S;| > 3k for k > C > N. By Lemma 2.2.3, for C < k <n, we deduce 


i FIBA Et 
oes) (—] 


tea ee k1-e/10 


< 

a 9 k? 
3N 

= Q kl+e/10° 
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Since € € (0, 1], we obtain 


Se Ex—1faz(x)?] < > 3° 
46(1 — 6) (> ae ~ (6 —€) Ks, gkite/10 
ee it 
= é Qo pei 


The ©, 1/k'+*/!° is convergent. Therefore, for C = C(N,¢) sufficiently large, we 


have 


Ek i[ax(x)?] <i. 


<> 
46(1— 6) 
Thus, by Lemma 2.2.2, we see that A does not cover Q, which is a contradiction. 


Since N only depends on ¢ and the sets $1, .52,... and since we can take « = 1, 


we see that our choice of C' can be made to only depend on the sets $1, .S2,.... This 


finishes the proof. 


Recall that by Corollary 1.2.3 which follows from the above result, we have proven 
the existence of a bound on the minimum modulus of finite coverings with distinct 


square-free moduli. 


pal 


CHAPTER 3 


SQUARE-FREE MODULI 


3.1 PRELIMINARIES 


In this chapter, we find an explicit bound for the minimum modulus of finite coverings 
with distinct square-free moduli. We first redefine weights with 6 now depending on k. 
Let 1 <k <n. For each k, pick 6, € [0,1/2]. We define the weights w, inductively. 
As before, we use the same definition of A, = {A € A: max(F(A)) = k} and 
By = Uasca, A) When k = 1, if y € 5S) and |B,|/|S1| < 61, we set 


0 ify E By 


1 


—__________ if B,. 
= ee 


If y € S; and |B,|/|S,| > 61, we set 


(|Bi|/[Si]) = 61 1 


: ifye B 

| (BAS) G =o) 151 ? 
wily) = 1 1 

eee ify ¢ By. 

i= Sa nye Es 


Observe that in both cases, we have Y\,<s, wi(y) = 1 (just as before). The above 
weights correspond to setting k = 1 and replacing a;(x) with |B,|/|S,| and wo(x) 
with 1 in the discussion below. Suppose k > 2 and w z_, is defined on Q;_1. For each 


x € Qy-1, we define as before 


2 l{y E Sk : (x, y) E By} | = |F. A By| 
[Se [Sel 


a, (2) 


Ze 


which is the proportion of the fiber F, = {(x,y) : y € S;} that is covered by one or 


more hyperplanes in Ax. If az(x) < dz, we set 


0 if (x,y) € B, 


wr.(e,y) = 
ig 1 Wr_1(Z) 


1—oax(x) [Sx 


If a,(x) > dp, we set 


n(x) — Op  Wr_-1(2) 


Je@t-a) iS eS 
wr(2, y) = ae 
pa 


As in Section 2.1, we have Dyes, Wr(x, y) = We-1(x), So weight is preserved at each 
stage. In other words, the sum of the weights of all the elements of S; x Sy +--+ Sy_4 
ig. 1. 

In the above, if a,(x) < dx, then we have set w,(z,y) = 0 if (2, y) € B, and 
increased the weight w;,(x,y) proportionally on the rest of F,. If a,(a) > d,, then 
we have increased the weight of each element in F), \ B, by a distortion factor of 
1/(1 — 6,) and decreased the weight of FM Bx. 


For any element « € Q,-; and any element y € S;, we justify that 


1 Wr_-1(Z) 
ra : 
wr(2, y) = = On [Se 
If k > 2 and a,(x) < dx, we have 
1 Wr_-1(L) 1 wy-i(2) 


wv, y) < ? S 
e(a, 9) 1—a,(r) |Sil cape. se 


Ifk > 2 and a,(x) > 6, and (x,y) ¢ Bx, our result holds by the definition of w,(z, y). 


If k > 2 and a,(x) > 6, and (x,y) € By, then we obtain 


a%(@) — 64 — We-1(Z) 
BS aaa. 16d 


( 1 = OK ; Wr_1(Z) 
1-— On ap (x)(1 ime Ok) |.S;,| 
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e 1 _ Wr-1() 
~ 1-6, .S;,| 


Also, if & = 1, then one can similarly check that for y € 5 , we have 


PC 1 1 1 
ea tase Sa 


For a hyperplane A = Y, x... x Y;, and a set U C {1,...,n}, we define AY = 


YUx...xYU to bea hyperplane with YU = Y, ifi e U and YY = S, ifi g U. We again 


and we define 
7 = TT 1531. 
jed 
Observe that although we have changed the definition of v(J) from previous sections, 
the definition is the same when each 4, is equal to some common value 0. 
As we extend our definition of the weights to include S;, we still maintain that 
the sum of the weights of all the elements of S; x Sy x --- x S; is 1. With this in 


mind, corresponding to Lemma 2.2.2, we can make use of the following. 


Lemma 3.1.1. Let A be a collection of hyperplanes in Q = S, x... x Sy. If 


des 


wr( By) <a 1, 


k=1 


then A does not cover Q. 


Also, if A is a hyperplane corresponding to some congruence with square-free 
modulus m in a covering system, then ||F'(A)|| = m. We are interested in showing 
that the modulus of some congruence is bounded above by some number which we 


denote by Co. Hence, we will want to assume 


|F(A)|| >Co for all AE A, (3.1) 


with a goal of obtaining a contradiction. 
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3.2 UPPER BOUNDS ON w;(B;,) FOR BOUNDED k 


We begin with the following result which will help us formulate a bound on w;(By) 


which we will use when k is small. 


Lemma 3.2.1. Let A be a collection of hyperplanes, pairwise non-parallel. Then, 
fork > 1, we have 

we(Br) <  wlA)< OFA) =O TE —ae 

AG Ag AG Ay AcAy jen( A) (E — 95) 1551 

Proof. Since By = Usca, A, we have wz( Bry) < Vaca, we(A). We will induct on 
k to prove w,(A) < v(F(A)) for A € A,. For our base case, consider k = 1. Let 
F(A) C {1}. Since k = 1 and A € Ay, we see that F(A) = {1}. Since F(A) = {1}, 
we obtain A = {y} for some y € Sj, so 


ae 


A) Sy) S ae Sl > v({1}). 


Thus, if F(A) C {1}, we see that w)(A) < v(F(A)). 


For our inductive step, assume our result holds for wz_, with 2<k <n. As 


1 wr_1(A’) 1 ! 
w,(A) < . = -wp_1(A’). 
n(A) < Loe. Sel (t=s,)o. (A) 


Since A’ C {1,...,k —1} and F(A’) = F(A) \ {k}, then by our inductive hypothesis, 


we have wz_1(A’) < v(F(A) \ {k}). Thus, for k > 1, we have 


l ' 
wre(A) < G@aanlse wr-1(A’) 

1 

= @— 6) Sel -V(F(A) \ {k}) 

= y(F(A)). 

Therefore, we conclude 
1 
wr( Br) < & wr(A) < & vy(F(A)) = & a a—35)151 5 S|” 


which completes our proof. 
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Corollary 3.2.2. Let A be a collection of hyperplanes, pairwise non-parallel, satis- 


fying (3.1). Then 


1 
wr(Br) < ~-—T aq (J) 
a (1 — dx)|Si| JC{I,...,k-1} 
|| J|>Co/| Sx 
= 1 1 
(1 — dx) [Sx JIC{1,..4k— Geen 6;)|S; | 


Il J|>Co/| Sel 


Proof. With A € A; satisfying (3.1), we see that 
F(A) = JU {k} 
for some J C {1,...,4 —1}. For such A and J, we have 
FCA) = TF 1S. 


In particular, ||F'(A)|| > Co is equivalent to ||J|| > Co/|S;|. Also, since the hy- 
perplanes in A are pairwise non-parallel, different A € A; correspond to different 
JC {1,...,k—1}. Since every A € A; satisfies (3.1), we see that the result follows 


from the inequality 


BPS oA es TAG 


in Lemma 3.2.1. 


Lemma 3.2.3. Let A be a collection of hyperplanes inQ = S,x...X Sy. Letk > 1. 
We have 


1 
— 46,(1 _ Ok) 


we( Br) < Ex—1[n(x)7]. 


Proof. First, consider w;(B,) with k > 2. We have 


d~ Dd welz,y) 


LEQx-1 -YESE 


ay, (x) — dx Wr_1(Z) 
S F,0 Byl - 0, 
ae ee ma ale on) f [Se 
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Since a;(x) = |F, M By|/|S;|, then we obtain 


wr( Br) < S> max{0, a4 (2) — de} + We—1(2). 


~ TR 2€Qu—1 


Observe that 462—46,a%(x)+az(x)? = (26,—-az(x))? > 0, 80 a2 (x)? /46;, > ax(r) Op. 


Thus, 
1 a, (x) 
B,) < = 
wr( Br) < ik »» rs Wr-1(2) 
l 2 
— S ap, (x)" + Wp_1(2 
_ 1 2 
= Fi =o ee ole 


In the case that k = 1, we have 


wi(Bi) = D> wily) < [Bi] - max 
yeB, 


{o, (PIE) — AY 
Tas) JT 


Following the arguments above, we obtain 


1 |B, o 1 7 2 
w(B)S gas (BY) = cag Bolenlor 


The lemma follows. 


We now generalize Lemma 2.2.5. 


Lemma 3.2.4. Fix a constant Co > 0. Let A be a collection of hyperplanes, pairwise 


non-parallel, in Q satisfying (3.1). Then, for each integer k € |1,n], we have 


1 3 I 1 
Sxl? F,,FoC{1,....k—1} je F\UF2 cle d)|S5] 
|Fill>Co/|Sel, || Fall>Co/|Sel 


Ex—1[ox(2)"] < 


Proof. Similar to the proof of Corollary 3.2.2, for A; and Ag in A, with ||F'(A1)|| > Co 


and ||F(A2)|| > Co, we write 


F(A,) = F,U {k} and F (Ao) = Fy U {k} 


yas 


for some F, and F) in {1,...,4 —1}. Then 

F(A I = Fill- [Se] amd |[F’(A2) |] = |] Fall - 1Sel- 
Note that ||F'(A;)|| > Co is equivalent to ||F;|| > Co/|S;| for i € {1,2}. The proof 
of Lemma 2.2.5 carries through here word for word, but now we have the added 


condition ||F;|| > Co/|S;| for 7 € {1,2}. Hence, 
1 


EK [ax (x)?] < [Ss 2 v(F\ U Fy) 
k Fy, FoC{l,....k—-1 
|Fill>Co/|Se|, ||F2l|>Co/|Sxl 
1 Ul 1 
|Sx|? F,,FoC{1,....k-1} jEF{UF2 ne dj )|Sy| 


{ 
|Fil|>Co/|Sel, ||F2l|>Co/Sx| 


This finishes the proof. 


As a consequence of Lemma 3.2.3 and Lemma 3.2.4, we immediately obtain the 


following. 


Corollary 3.2.5. Fix a constant Co > 0. Let A be a collection of hyperplanes, 
pairwise non-parallel, in Q = S, x... x Sy satisfying (3.1). Then, for each integer 
k € {1,2,...,n}, we have 

1 1 
< ae 
= 46,(1 — 5%) [Se |? D II (1 — 6;)|S5| 


F,,FoC{1,...,k-1} JEF UF) 
|Fill>Co/|Sel, |F2ll>Co/|Sel 


We also indicate a different way to express the same bound on w;(8;) which leads 
however to easier computations. For this, for r a positive integer, we denote the r‘® 


prime by p,.. 


Corollary 3.2.6. Fix a constant Co > 0. Let A be a collection of hyperplanes, 
pairwise non-parallel, in Q = S, x +--+ x S, such that for every hyperplane A € A we 
have ||F'(A)|| > Co. Fix k € {1,2,...,n}. Let r be minimal such that |S;| > Co/|Sx| 
for allt > r. Define 

1 


dane eee > ae | ee cere 


F,C{I,....r—1} FeC{l,....r—1} jE FLUF2 


WFillSCo/|Se| || F2ll<Co/|Se| 
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and 
1 


ite en 2 gee Pe era ia 
Fy, C{i,....7-1} FoC{l,...,r-1} JEP UPS Jj a 
|F1||<Co/|Sx| || F2||>Co/|Sx| 


Then 


l k-1 3 
UP) = T= apse ( Ut ( * aaa) 


a) VI (1 , cs) -v). 


Proof. From Corollary 3.2.5, we obtain 


1 
(45x(1 — dx)|Si|?)we( Br) < 2 Moos 
Fi, FoC{i,...,.k-1} jC FLUFs ( = i) | 4 

|Fill>Co/|Sel, ||-Fall>Co/|Se| 


1 
a > Ua-aa 
FEM Ge PLC ko er j)P5 
FLUF2.=J 


Se en ee 
F,C{1,...,k-1} FoC{l,...,k-1} fEFLUF2 (1 ae 6; )|S5| 
|FillSCo/|Se| 


> Y Was 
FoC{1,...,k-1} Fy C{l,...,k-1} jERUPFS (1 ~ 6; )/S5| 
| Fall <Co/|Se| 


1 
ee ee ee |e ery 
F,C{1,....k-1} FoC{,...,k-1} EPL UPS J y) 
I Fil|<Co/|Sel |FaIl<Co/|Sel 


For i € {1,2}, if || Fil] < Co/|S;|, then F; C {1,2,...,7 —1}, which we obtain from 


the definition of r. Hence, we deduce 


1 
(46.(1 — d4))Se/?)we(Br) < SO 1D II 51551 
JOU RA PERC AY Ted i); 
F\LUFQZ=J 
Yl 
F,Cf{l,....r-1} FoC{l,...,.k-1} jE FLU FS (1 — 6;)|S;| 
I Fil <Co/| Sx 
1 
FoC{1,..r—-1} Fi C{,...k-1} jEFLUFS (1 — 4;)|S5| 


|| Fa||<Co/|Sx.| 
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1 
ee ee See 0 ee Re CH 
F(C{1,..r—1} FeC{,....r—1} JEFIUPS j)P5 
|Fi||<Co/|S| || F2||<Co/|Sel 


The last double sum of a product above is equal to U. Considering the second double 
sum of a product on the right-hand side of the above inequality, we can express Fy 
as AU B where AC {1,...,r —1} and B C {r,...,k — 1}, so we obtain 
1 
> Y Loa, 


FUC{1,...,r-1} FoC{I,...k-1} J€FLUF2 (1 — 6; 
Fill $Co/1Se| 


F,Cf{l,....r—1} AC{1,....r-1} BC{r,....k-1} j€F,U(AUB) (1 = 6; )155| 
|Fill<Co/1SxI 


->y ys yd : 


F,C{i,....r-1} AC{I,...,r-1} BC{r,..., «gerd AGF | jem — 6;)|S5| 
|Fill<Co/|Se| 


x sik i 
Fy C{1 sees r— 1} AC{1 sets r— 1} jEFLUA (= 6) [Sj | BC{r er k- 1} jeB (1-6;)[55] as |’ 
||Fi||<Co/|Sz| 


where the second to last equality holds since (F UA) 9 B = 0. Observe that 


a i ae 
sete db (1 — 6;)|S3| U (1 — 45)|S5| 


We also have 


SNe 
F,C{l,....r—1} AC{1,....r—1} jeFua ( = i) | Hi 
|Full S$Co/|Se| 


eens Moe Ml ania IS 


FY C{I,....r—1} AC{I1,...,.r—1} JEFLUA 
lFillSCo/1Se| |All >Co/|Sx| 


ae = ee | 


F,C{I,....r—1} AC{I1,....r— Avery eer) | Fh 
|FillSCo/|Se| |All] S$Co/|Sx| 


=U+V. 


Thus, we deduce 


1 k-1 1 
y ae I = =U +Y L(+ Gays). 


F,C{I,...,r—1} FoC{l,...,k-1} j€EFiUF2 (1 
|Fill<Co/|Se| 
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Similarly, we also obtain 


1 = 1 
> Se II (1+ aca) 
F2Cf{l,....r—1} Fy C{,..., k-1} jeRUR (1 - dj )195] = (1 — 65) |S5| 
| Fall <Co/|Se| 


As demonstrated in the proof of Lemma 2.2.3, we have 
1 II ( S 
——_— = 1 + ——__— ]. 
Lamas Et oars 


JIC{1,..uk-1} Fi,FaC{I,...k—-1} eal jal 
F\UFg=J 


Therefore, we conclude that 


1 k-1 a 
we(By) S 46x(1 — 6x) |S%|? II ( + aH) 


j=l 


2(U +V) I (14 | aos) -v) 


which completes the proof. 


3.3. UPPER BOUNDS ON w,;(B,) FOR LARGE k 


The idea is to apply the prior upper bounds for w;(B,) to estimate the value of 
wz(B,) for k < N, where we will take N = 10°. In this section, we show how to find 
an upper bound for w,(B,) for k > N and then find an upper bound for 

S> wr( Br). 

k>N 
We require below N > 61 and k > N. Note that we view WN as fixed, so we will allow 
constants below to depend on N. We set 6; = 1/2 for all 7 > N. As we will be using 
Corollary 3.2.6 to compute w,(B,) for k = N, we will have already calculated the 


value of 


= 3 
Mo=II (1+ am) 


ge! 


and also make use of it. Finally, we denote the j‘ prime by p; and the number of 


primes < x by a(z). 


dl 


Lemma 3.3.1. With the above notation, we set 


and cg=1t+ ‘ 
0g” py . 2 log py 


— log log py + 


If |S;| =p; for every j > N, then 


2eMe 
Yue = = 


: ta pn + 5log* pn + 20 log? py 
k>N 


+ 60 log? py + 120 log py + 120) 
Proof. From 6, = 1/2 and Corollary 3.2.6, we see that 


1 Bt 1 k-1 3 
we(Be) S 451,(1 — 64) |Sel? 52 I (+g | aE) 7 [Sicl? 52 II (2 ai a =asi) 
(3.2) 


Since k > N and 6; = 1/2 for all 7 > N, we obtain 

k-1 3 k-1 6 k-1 4 

I (1+ gay) 8 HL (+ py) smoer(9.S gy) 09 
where we have used that 1+ a < e® for all real numbers x (the function e” is convex 
up and y= 1+4 2 is a tangent line to its graph at x = 0). 

We are now ready to make use of the specification that |.5;| =p; for every 7 > N. 
From the work of J. B. Rosser and L. Schoenfeld [10, Theorem 5], we have the 


estimates 


1 
loglogz + B— seg ‘ < ae < loglogr + B 4 Sioee: for x > 286, 


p<a P 


for some constant B + 0.2614972128. As N+1 > 62 and pg = 293 > 286, we deduce 


that 


1 
< | logl 1+B4 — | log] + B— 
( O§ 108 Pk-1 site) ( 0g 108 PN oe 


= 108 1O —1 — 10g 10 t 
F108 Pr-1 § log Pn 2] 2 en 2] 5) © 


1 1 
< log log pp_1 — log log py 5 | 5— = loglogpy_-1+ 1. 
2log’py 2 log” py 


From (3.3), we now see that 


k-1 


3 
(1 + aa < Mo exp (6 log log pri + 6c1) = Moe log® pp_1. 
=e: 


j=l 


From (3.2), we obtain the estimate for w;,(B,) for k > N that we want, namely 


6c1 log® Pk 
=p Ss 


wr( Bx) a Moe 
Py, 


Next, we want an estimate of the sum over k > N of this bound for w;(B;). We 


make use of a Riemann-Stieltjes integral to obtain 


log® pp % log® t 
Pe ae) 


k=N4+1 Pk N 
00 log® t 
-| nitva( = 
PN PN gt 


20)" MOVE Ty 
PN 


m(t) log® t|” 
= yor | 


where we have used that 


a( 6) _ (Sie E 2st) a 
t? t8 t? 


and ignored negative quantities. From J. B. Rosser and L. Schoenfeld [10, Theorem 1], 


we have 


oc 3 
14 for all ils 
T(x) < asl sas) or all x > 


Thus, for t > py, we obtain a(t) < cgt/logt. Thus, 


> ae 255 Lf 


k=N+1 


The latter integral can be computed exactly to obtain 


log® Pk oe 


2c 
= 22 (og? pn + 5log* py + 20 log? py 
k=N+1 Pk < bw 
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+ 60 log? py + 120 log py + 120) 


Combining the above, the lemma follows. 


3.4 PROOF OF THEOREM 1.2.4 


We will now prove Theorem 1.2.4, which states that every covering system with 


distinct square-free moduli has a minimum modulus which is < 118. 


Proof. Let A bea collection of hyperplanes covering Q = S,x...xS,, corresponding to 


a covering system with distinct square-free moduli (see the proof of Corollary 1.2.3). 


Recall that p, 


= |S;| and if A is a hyperplane corresponding to some congruence 


with square-free modulus m in a covering system, then ||F'(A)|| = m. For the sake of 


contradiction, assume that ||F'(A)|| > Co = 118 for all A € A. For our computations, 


we use Maple 2019. 


We choose 0; as below: 


6) =---=67=0, 5g=0.171, 69 =0.190, 51) = 0.199, 
Ji, =0.210, 542 = 0.210, 6,3 = 0.224, b44 = 0.233, 
515 = 0.237, 615 = 0.237, 617 = 0.237, dag = 0.252, 
Jig = 0.252, bop = 0.255, 5o, = 0.260, don = 0.261, 
503 = 0.263, dog = 0.264, do5 = 0.262, bog = 0.265, da7 = 0.269, 
5; = 0.279 (for 28<j7<35), 46; =0.289 (for 36 < j < 45), 
6; = 0.297 (for 46<j<60), 6; =0.307 (for 61 < j < 99), 


5; = 0.331 (for 100 < j < 1000), 


6; =0.418 (for 10001 < 7 < 1000000), 


6; = 0.372 (for 1001 < j < 10000), 


6; =0.5 (for 7 > 1000001). 
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Using Corollary 3.2.2, we compute that w,(B,) = w2(B2) = w3(B3) = 0, wa( Ba) = 
1/210, ws(Bs) = 3/110, we( Be) = 50/1001, and w7(B7) = 43/715, so we have 


i 194 
S* we( Be) = — = 0.142124542124542124542124542124.... (3.4) 


> 
lI 
ua 


Using Corollary 3.2.6, we calculate 
108 
S> wx (By) = 0.856857558639508798126627002701 .... (3.5) 
k=8 
Using Lemma 3.3.1, we compute 
S> wz( Br) < 0.0004029606850947856655172105492230.... (3.6) 
k>106 
Combining (3.4), (3.5), and (3.6), we obtain 
S> wee( Br) < 0.999385061449145708334268755375... <1. (3.7) 
k=1 
Thus, by Lemma 3.1.1, A does not cover Q, which is a contradiction. Therefore, every 


covering system with distinct square-free moduli has a minimum modulus which is 


= L1G: 
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